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Starting with the general stress-tensor commutation relations consistent with the Poincare´ algebra
in local quantum field theory, we impose the tracelessness condition and focus on the dominating
contributions in the lightcone limit. It is shown that, under a certain assumption on the Schwinger
term, a Virasoro-algebra-like structure emerges near the lightcone in d > 2 conformal field theories.
As the universal central extension of the Witt algebra,
the existence of the Virasoro algebra [1] plays a crucial
role in mathematics and theoretical physics, particularly
of deep importance in conformal field theory (CFT). It
is, however, a special luxury one has in two-dimensional
spacetime. In higher dimensions, where the conformal
group is finite dimensional, Virasoro-algebra related tech-
niques employed in understanding d = 2 CFT become
generally invalid. Nevertheless, one may still ask the fol-
lowing question: does an effective similar structure exist
in higher-dimensional CFTs that can be used to control
the CFT data within a certain subspace (i.e. a subsector
of the full parameter space)?
As the form of two commuting copies, the Virasoro al-
gebra can be expressed as the stress-tensor commutation
relation:
−i[T++(x−), T++(x′−)]
= 4
(
T++(x−) + T++(x′−)
)
∂−δ(x− − x′−)
− 2c
3pi
∂3−δ(x
− − x′−) , (1)
with a similar expression for [T−−(x+), T−−(x′+)]. We
denote (x+, x−) = (t + y, t − y) with (x0, x1) = (t, y),
and (T++(x−), T−−(x+)) = −2(T 00 − T 01 , T 00 + T 01 )
in Minkowski metric ηµν = diag(−1, 1). The central-
extension part containing the central charge c arises from
the quantum anomaly. While the tracelessness condi-
tion in d = 2 allows one to replace the purely spatial-
component of the stress tensor, T11, with T00, indepen-
dent spatial-components appear in d > 2, and, in general,
there is no stress-tensor algebra in higher-dimensions.
In this work, we make an initial attempt, starting from
the most general stress-tensor commutation relations in
Lorentz invariant, local quantum field theory (QFT) [2–
4], to search for a possible Virasoro-like structure in
higher-dimensional CFTs. In particular, while the trace-
lessness constraint must be imposed, we would like to see
under what additional conditions an effective Virasoro-
like algebra may emerge.
What clue do we have? The AdS/CFT correspon-
dence [5–7] provides an interesting hint toward this di-
rection. In a recent work [8], it was found that the op-
erator product expansion (OPE) coefficients of the multi
stress-tensor conformal blocks of a scalar four-point func-
tion in a large class of d > 2 CFTs are universal in
the lowest-twist subspace. (The twist of an operator is
its dimension minus its spin.) These isolated OPE co-
efficients are universally fixed by the dimensions of the
light and heavy scalar operators, and the central charge
CT , the coefficient of the stress-tensor two-point func-
tion. In d = 2, the Virasoro algebra dictates all the
related structures. While additional assumptions were
made in the gravitational computation considered in [8],
such as having a large CT and ignoring additional bulk
matters, it is tempting to ask if the lowest-twist limit is
essentially sufficient in a more general analysis in d > 2
CFTs. As the lowest-twist limit corresponds to the light-
cone limit, where operators in a correlator approach each
other’s lightcone, we are therefore motivated to consider
the CFT stress-tensor commutators near the lightcone.
In the next section, we first review the general stress-
tensor equal-time commutation relations in QFT, based
on earlier works [2–4]. The tracelessness condition and
the lightcone limit shall be imposed in a later section.
The main result is to obtain an effective lightcone stress-
tensor commutator in CFT. By effective, we mean that
the lightcone limit is taken when stress tensors are in-
serted in a correlation function. In this case, the purely
lightcone-component of the stress tensor, denoted as
T˜++ below, dominates the contributions. A crucial
point is that, in such an effective lightcone limit, one
avoids the commutator with purely spatial-components,
i.e. [Tij(x), Tmn(x
′)], whose form cannot be determined
by Poincare´ symmetry or conformal invariance and thus
is generally model-dependent in d > 2. (The central
charge CT is also model-dependent, but we say a quan-
tity has a universal meaning if all the model-dependent
data can be absorbed into CT .) The resulting effective
lightcone commutator will have a non-extension part and
also a Schwinger term. The non-extension part formally
looks the same as that in the d = 2 Virasoro algebra. The
Schwinger term in general dimensions can be related to
the central charge CT . Some subtleties of the Schwinger
term will also be discussed.
Stress-Tensor Commutation Relations in QFT.— Here
we first review the stress-tensor commutators in Lorentz
invariant, local QFT (see [4] and [2, 3] for more discus-
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2sions). Denote a classical action S embedded in a curved
background and write the curved-space stress tensor as
Cµν(x) = 2
δS
δgµν(x)
. (2)
A factor
√−g is normally factored out from Cµν as the
conventional stress tensor, but we adopt the above no-
tation for later convenience. Eventually, we will be in-
terested in the commutation relations of the flat-space
stress tensor, denoted as Tµν(x), in metric ds2 = −dt2 +
δijdx
idxj . Below, we denote 〈Cµν(x)〉 = −2i δZδgµν(x) ,
where Z is the partition function. The starting point
is to consider the variation of the conservation equation,
0 = 〈Cµν;ν(x)〉 = 〈Cµν,ν(x)〉+ 〈Γµαβ(x)Cαβ(x)〉 , (3)
with respect to an external metric. Varying the first term
on the right-hand side of (3) yields
2∂ν
δ〈Cµν(x)〉
δgλρ(x′)
= ∂ν
(
i〈Cµν(x)Cλρ(x′)〉+ + 2〈δC
µν(x)
δgλρ(x′)
〉
)
,
where 〈Cµν(x)Cλρ(x′)〉+ is the time-ordered Lorentzian
stress-tensor two-point correlator, while varying the sec-
ond term on the right-hand side of (3) gives
2
δ〈Γµαβ(x)Cαβ(x)〉
δgλρ(x′)
=
(
gµλ〈Cρα(x)〉+ gµρ〈Cλα(x)〉
− gµα〈Cλρ(x)〉
)
∂αδ(x− x′) +O
(
Γ
)
, (4)
where δΓµαβ = −gµγδgγσΓσαβ + g
µγ
2
(
∂αδgγβ + ∂βδgγα −
∂γδgαβ
)
. The O(Γ) part vanishes in the flat-space limit.
The above expressions lead to
i[Tµ0(x), Tλρ(x′)]δ(x0 − x′0) = −2∂ν δC
µν(x)
δgλρ(x′)
∣∣∣
flat
−
(
ηµλT ρα(x) + ηµρTλα(x)− ηµαTλρ(x)
)
∂αδ(x− x′) .(5)
We have used ∂νC
µν(x) = O(Γ), 〈Tµν(x)Tλρ(x′)〉+ =
〈Tµν(x)Tλρ(x′)〉θ(x0−x′0)+〈Tλρ(x′)Tµν(x)〉θ(x′0−x0),
and ∂νθ(x
0 − x′0) = δ0νδ(x0 − x′0). Note the equal-time
commutator should not have an explicit time-derivative
of δ(x0 − x′0), but the right-hand side of (5) presently
looks like it has such a dependence. Consistency requires
that the object ∂ν
δCµν(x)
δgλρ(x′)
provides a cancellation.
It can be instructive to derive explicitly the commu-
tator involving only temporal-components; other compo-
nents can be obtained in a similar manner. From (5),
i[T 00(x), T 00(x′)]δ(x0 − x′0) = −2∂ν δC
0ν(x)
δg00(x′)
∣∣∣
flat
+
(
2T 0i(x)∂i + T
00(x)∂0
)
δ(x− x′) . (6)
Defining a parametrization function t(x, x′) via
2
δC0ν(x)
δg00(x′)
∣∣∣
flat
= t0ν,00(x, x′)− ην0T 00(x)δ(x− x′) ,(7)
the right-hand side of (6) can be written as
−∂νt0ν,00(x, x′)− ∂0T 00(x)δ(x− x′) + 2T 0i(x)∂iδ(x− x′)
with no time-derivative on δ(x0 − x′0) left. A direct ma-
nipulation using T 0i(x′)∂iδ(x − x′) = −∂0T 00(x)δ(x −
x′) + T 0i(x)∂iδ(x− x′) gives
i[T 00(x), T 00(x′)]δ(x0 − x′0)
=
(
T 0i(x) + T 0i(x′)
)
∂iδ(x− x′)− ∂νt0ν,00(x, x′) .(8)
Similarly, using (5), it is straightforward to consider other
components. We now tabulate the various commutators:
i[T 00(x), T 00(x′)]δt =
(
T 0i(x) + T 0i(x′)
)
∂iδ(x− x′)
− s0,00(x, x′) , (9)
i[T 00(x), T 0i(x′)]δt =
(
T ij(x) + T 00(x′)δij
)
∂jδ(x− x′)
− s0,0i(x, x′) , (10)
i[T 00(x), T ij(x′)]δt =
(
T 0i(x′)∂j + T 0j(x′)∂i (11)
− ∂0T ij(x)
)
δ(x− x′)− s0,ij(x, x′) ,
i[T 0i(x), T 0j(x′)]δt =
(
T 0j(x)∂i + T 0i(x′)∂j
)
δ(x− x′)
− si,0j(x, x′) , (12)
i[T 0i(x), T jk(x′)]δt =
(
δimT jk(x)− δijT km(x′) (13)
− δikT jm(x′)
)
∂mδ(x− x′)− si,jk(x, x′) ,
where δt ≡ δ(x0−x′0) and the Schwinger term is sµ,λρ ≡
∂νt
µν,λρ with
t0ν,00 = 2
δC0ν(x)
δg00(x′)
∣∣∣
flat
+ ην0T 00(x)δ(x− x′) , (14)
t0ν,0i = 2
δC0ν(x)
δg0i(x′)
∣∣∣
flat
+ ηνiT 00(x)δ(x− x′) , (15)
t0ν,ij = 2
δC0ν(x)
δgij(x′)
∣∣∣
flat
+
(
ηνjT 0i(x)
+ ηνiT 0j(x)− η0νT ij(x)
)
δ(x− x′) , (16)
tiν,0j = 2
δCiν(x)
δg0j(x′)
∣∣∣
flat
+
(
T 0i(x)ηνj + T 0ν(x)δij
)
δ(x− x′) , (17)
tiν,jk = 2
δCiν(x)
δgjk(x′)
∣∣∣
flat
−
(
δijην0T k0(x) + δikην0T j0(x)
)
δ(x− x′) .(18)
The commutation relation involving purely spatial-
components does not admit a model-independent form.
Some constraints on the Schwinger term must be im-
posed so that the above commutators remain consistent
3with the Poincare´ relations
i[Tµν(x), Pλ] = ∂λTµν(x) , (19)
i[Tµν(x), Jλσ] = (xλ∂σ − xσ∂λ)Tµν(x) (20)
+ηµλTσν(x) + ηνλTσµ(x)− ηµσTλν(x)− ηνσTλµ(x) ,
where Pλ =
∫
d~x T 0µ, Jλσ =
∫
d~x (xλT 0σ − xσT 0λ).
One thus requires
∫
d~x s0,00 =
∫
d~x xis0,00 = 0. On
the other hand, one may adopt T¯µν = Tµν − 〈Tµν〉, with
〈Tµν〉 ∼ ηµν , and check that the above structures remain
formally the same. Below, we shall focus on flat-space
CFT with a traceless stress tensor. As the expectation
value of a CFT stress tensor in flat-space limit is zero,
we avoid additional notation T¯µν .
Effective Lightcone Commutator in CFT.— We now dis-
cuss in what sense a lightcone limit is taken and what
the dominating structure is. The tracelessness condition
will be imposed. Let
ds2 = −dx+dx− + δabdxadxb , (21)
where (x+, x−) = (t+ y, t− y). One has
T±± = −2(T 00 ∓ T 01 )− T aa , T−+ = T aa . (22)
In d = 2, T++/T−− is independent of x+/x−, respec-
tively, and T aa = 0. Going beyond d = 2, we consider the
following lightcone limit:
x− → 0 with x+ fixed , (23)
(One can also consider x+ → 0 with x− fixed.) and focus
on the effective commutation relation, where stress ten-
sors are in a correlation function. The reason to adopt
such a scenario is that, for many purposes, such as in
the conformal block decomposition, stress tensors always
appear in a correlator and thus having an effective com-
mutator would be sufficient.
We shall focus on stress tensors with indices uncon-
tracted, corresponding to the lowest-twist or largest-spin
limit. Intuitively, the lightcone-component T++ should
dominate near the lightcone. However, in d > 2, the ex-
istence of T aa in (22) causes trouble: since purely spatial-
components of the stress-tensor commutator do not have
a model-independent expression, there is no universal
way to compute [T++(x), T++(x′)] in d > 2. This obsta-
cle may be circumvented by adopting an effective light-
cone commutator. Let us here demonstrate via an exam-
ple. Consider the following CFT correlator [9]:
〈Tµν(x1)φ(x2)φ(0)〉 ∼ a
Iλµ(x1)I
σ
ν (x1)Aλσ(x2)
x2d1 x
2∆φ+2−d
2
, (24)
Iλµ(s) = δ
λ
µ −
2sλsµ
s2
, Aλσ(s) = sλsσ − s
2
d
ηλσ ,(25)
where we focus on the short-distance (small x2) behavior;
a is a constant and ∆φ the dimension of φ. We will put
scalar fields on a x+ − x− plane and consider the light-
cone limit x− → 0. The stress tensors generally allow the
transverse-coordinate dependence and we consider that
stress tensors also approach to the lightcone. One finds
the following limiting behavior under (23):
x2d1 x
2∆φ+2−d
2 〈(T 00 − T 01 )(x1)φ(x2)φ(0)〉 ∼ (x+2 )2 ,(26)
while having T 00 + T
0
1 , T
a
a , T
+a, or T−a in the correlator
does not contribute in the same limit. Although this
example involves only a stress tensor, one may consider
more stress tensors and verify that the contributions near
the lightcone are dominated by (T 00 − T 01 )n with n stress
tensors. We thus focus on the commutator involving T 00−
T 01 as the effective lightcone description. In what follows,
we let
T˜++ = −2(T 00 − T 01 ) . (27)
Let us also remark that the operator ∂+T˜
++ does not
contribute in the same lightcone limit either.
We next compute the commutator of T˜++ using (9),
(10), and (12), together with the tracelessness condition.
We find, before imposing the lightcone limit, the follow-
ing intermediate expression:
−i[T˜++(x), T˜++(x′)]
= −4
(
T˜++(x) + T˜++(x′)
)
(∂+ − ∂−)δd−1
+4
(
T aa (x) + T
a
a (x
′)
)
(∂+ − ∂−)δd−1
−4
(
T+a(x) + T+a(x′)
)
∂aδ
d−1 + s˜(x, x′) , (28)
where δd−1 = δ(y − y′)δd−2(xa − x′a) and
s˜(x, x′) = 4
(
∂νt
0ν,00(x, x′) + ∂νt0ν,01(x, x′)
− ∂′νt0ν,01(x′, x) + ∂νt1ν,01(x, x′)
)
(29)
is the corresponding Schwinger term. At equal time, one
may write the difference (y − y′) as either (x+ − x′+)
or −(x− − x′−). We have here explicitly indicated the
dimensionality of the delta function.
As a check on (28), let us take d = 2, where T aa =
T+a = ∂+T˜
++ = 0. We have
−i[T˜++(x−), T˜++(x′−)]
= 4
(
T˜++(x−) + T˜++(x′−)
)
∂−δ(x− − x′−) + s˜|d=2 ,(30)
which is precisely the Virasoro algebra (1), as it must
be, provided that the Schwinger term is related to the
central charge via
s˜|d=2 = − 2c
3pi
∂3−δ(x
− − x′−) . (31)
We leave the discussion on the Schwinger term to the
next section.
4In d > 2, we shall focus on the lightcone limit where
the additional T aa , T
+a pieces in (28) are suppressed. The
effective lightcone commutator may be written as
−i[T˜++(x+, xa), T˜++(x′+, x′a)]
= −4
(
T˜++(x+, xa) + T˜++(x′+, x′a)
)
∂+δ
d−1
+ s˜(x+, xa, x′+, x′a) , (32)
where δd−1 = δ(x+ − x′+)δd−2(xa − x′a). We have
dropped the x−, x′− dependence in the stress tensors and
the Schwinger term to indicate that these contributions
are localized on the lightcone. The lightcone limit is
imposed after computing the commutation relation. In
d = 2, it is not necessary to impose a lightcone limit.
Remarks on the Schwinger Term.— The connection be-
tween the Schwinger term and CT can be deduced from
the spectral representation [10, 11]. First consider the
Ka¨llen-Lehmann spectral form of the stress-tensor two-
point function in unitary QFT (in Euclidean signature)
〈Tµν(x)Tλρ(0)〉 (33)
= Nd
∫ ∞
0
dµ
(
ρ(0)(µ)Π
(0)
µν,λρ + ρ
(2)(µ)Π
(2)
µν,λρ
)
G(x, µ) ,
where
Nd =
2pid/2
(d− 1)2(d+ 1)2d−1Γ(d/2) , (34)
Π
(0)
µν,λρ =
1
Γ(d)
SµνSλρ , Sµν = ∂µ∂ν − δµν∂2 , (35)
Π
(2)
µν,λρ =
d− 1
2Γ(d− 1)
(
SµλSνρ + SµρSνλ − 2SµνSλρ
d− 1
)
,(36)
G =
∫
ddp
(2pi)d
eipx
p2 + µ2
=
( µ
2pi|x|
) d
2−1K d
2−1(µ|x|)
2pi
. (37)
The spectral functions ρ(0)(µ), ρ(2)(µ) represent spin-0
and spin-2 intermediate states, respectively. Restricting
to CFT, scale invariance implies
ρ(0)(µ) = ρ(0)µd−2δ(µ) , ρ(2)(µ) = ρ(2)µd−3 . (38)
These functions do not lead to an infrared singularity.
ρ(0)(µ) does not contribute in d > 2 while Π
(2)
µν,λρ vanishes
in d = 2. With (38), one can compute (33) and match
with [12]
〈Tµν(x)Tλρ(0)〉 = CT Iµν,λρ(x)
x2d
, (39)
Iµν,λρ(x) = 1
2
(
Iµλ(x)Iνρ(x) + Iµρ(x)Iνλ(x)
)
− 1
d
δµνδλρ ,
and find, in CFTs,
ρ(0) =
CT
2
, ρ(2) =
d− 1
d
CT . (40)
It is more involved to obtain the delta-function distri-
bution from the Schwinger term, but it has been worked
out a long time ago for unitary QFT [13, 14]. As a con-
crete example in higher dimensions, we focus on d = 4 in
the following. The relevant results in d = 4 Lorentzian
CFT, where ρ(0) does not contribute and ρ(2) = 3CT4 , are
Fµν,λρ(x− x′) ≡ 〈[Tµν(x), Tλρ(x′)]〉 ,
F00,00 = F0i,0j = F00,ij = 0 ,
F00,0i = −iN4
∫ Λ
0
dµρ(2)(µ)∂i∆δ
3(x− x′)
− iN4
2
ρ(2)∂i∆
2δ3(x− x′)
= −iCTpi
2
480
(
Λ2 + ∆
)
∂i∆δ
3(x− x′) , (41)
where ∆ is a Laplacian. Only the equal-time commu-
tators with an odd number of temporal indices are non-
zero since the causal propagator is odd in time; F0i,jk can
be non-zero, but these components are irrelevant in the
lightcone limit. Note that the fifth-derivative “bound-
ary” term generally exists in d = 4, unless one has re-
stricted to field theories with ρ(2)(µ→∞) = 0, which is
however not a CFT.
In d = 2, a similar analysis gives the following non-zero
contribution:
F00,01 = −ipiCT
6
∂31δ(x
1 − x′1) , (42)
where we have recalled (38) and (40), and this gives
〈s˜〉|d=2 = −4piCT
3
∂3−δ(x
− − x′−) , (43)
which reproduces the required identification (31) in d = 2
CFT, with CT =
c
2pi2 where c = 1 for a free boson.
We remark that, a prior, the Schwinger term could be
a q-number in general QFT. From the Virasoro algebra,
one knows the corresponding Schwinger term must be
a c-number in d = 2 CFT with s˜|d=2 = 〈s˜〉|d=2. For
d > 2, we shall here assume that we are restricted in the
class of CFTs where the Schwinger term is a c-number,
at least in the lightcone limit. A more general question
whether the Schwinger term might always be a c-number
goes beyond the scope of the present work and will not
be addressed here. Note the Schwinger term must have a
consistent dimension and the requirement that the d →
2 limit of (28) reproduces the Virasoro algebra implies
the Schwinger term in general d should not touch the
coefficient of the existing T˜++ piece. (One may adopt
additional limits, such as a large CT , to suppress possible
unwanted contributions, but we do not consider such a
limit here.)
On the other hand, a direct canonical computation
shows that the Schwinger terms (14)-(17) in d > 2 free
theories simply vanish, as first pointed out in [4], while
(18), which is however irrelevant in the lightcone limit,
can be non-zero but its expression is model-dependent.
(Related computation details can be found in [15].) The
5authors of [4, 15] then argued that quantum effects are
responsible for producing the anomalous c-number delta-
function distribution predicted from the spectral forms.
While their results suggest that the free theories belong
to the class of theories we are interested in, it would
be interesting to revisit the free-theory calculations and
derive the c-number contribution in view of the results
presented here.
In the class of d = 4 CFTs, for instance, where the
Schwinger term is effectively a c-number near the light-
cone, we may write the lightcone effective algebra as
−i[T˜++(x+, xa), T˜++(x′+, x′a)]
= −4
(
T˜++(x+, xa) + T˜++(x′+, x′a)
)
∂+δ
3 (44)
+
CTpi
2
60
(
Λ2 + ∆
)
∂+∆δ
3 ,
where δ3 = δ(x+ − x′+)δ2(xa − x′a). The appearance
of the UV divergence in the Schwinger term is expected
to be a general figure in d > 2 CFTs, based on essen-
tially dimensional analysis. The coefficient of the power-
law divergence has no universal meaning and thus we
shall focus on the universal finite piece (the coefficient
of the highest-order derivative of the delta function) in
the Schwinger term and subtract the divergence off when
computing a correlator.
We hope to discuss the applications of the lightcone
stress-tensor commutation relation elsewhere. In par-
ticular, it would be interesting to realize the lightcone
algebra in a holographic framework and explore potential
connections with the lowest-twist universality [8] and
also some recent works [16–21].
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